We present a kinetic theory of homogeneous bubble nucleation based on explicit calculation of the single-molecule evaporation and condensation rates as a function of the size of the vapor embryo. The surface condensation rate is calculated from the kinetic theory of gases, and the surface evaporation rate is related to the rate of escape of molecules from a potential well in the field established by the liquid-vapor interface. Equality of these rates corresponds naturally to the critical bubble. While the interface plays a crucial role in this respect, the kinetic nucleation theory does not invoke an explicit surface tension. The nucleation rate is derived from a population balance and depends only on the ratio of the evaporation to condensation rates. In contrast to classical theory, a nontrivial trend captured by the present theory is the increase in nucleation rate with decreasing temperature at fixed degree of metastability. Comparison with classical nucleation theory reveals markedly different supersaturation dependencies of the nucleation rate, while the predicted sizes of the critical bubble are in good agreement.
I. INTRODUCTION
In spite of their importance and ubiquity, significant gaps persist in our understanding of the thermodynamics and kinetics of metastable liquids. Consequently, fundamental knowledge of technologically important phenomena ranging from crystallization and glass formation 1 to cavitation 2 and explosive boiling 3 remains incomplete. The study of metastability in liquids can be approached either from an equilibrium ͑statistical mechanical͒ or from a kinetic viewpoint. Rigorous statistical mechanical studies of metastable liquids inevitably involve the imposition of constraints that maintain the liquid's state of metastability by preventing it from transforming into the stable phase. 1,4 -8 Kinetic approaches, on the other hand, focus on the actual mechanism and rate by which metastable liquids undergo phase transitions. This paper adopts the latter approach to study bubble nucleation in superheated liquids.
Nucleation of vapor bubbles in a metastable ͑super-heated͒ liquid is an important yet incompletely understood phenomenon that plays a key role in a variety of technically relevant situations, including cavitation, 2 cavitation erosion, 9 ,10 explosive boiling, 3, 11, 12 sonoluminescence, 13 and sonochemistry.
14 Knowledge of this mechanism at the molecular level is also key to reconciling major discrepancies between theoretically predicted and observed limits of liquid superheating 15, 16 and tension. 2, 17, 18 In practical situations, bubble formation is facilitated by the presence of an external surface which usually takes the form of dissolved or suspended impurities or the walls containing the metastable liquid. This is referred to as heterogeneous bubble nucleation. In the absence of such heterogeneities, formation of the vapor phase must take place entirely within the bulk metastable liquid, and this is called homogeneous bubble nucleation.
While the conditions required for observing truly homogeneous nucleation seem far removed from those encountered in practice, homogeneous bubble nucleation can nevertheless be attained in carefully controlled experiments. 1 It represents a fundamental and reproducible relaxation mechanism characteristic of the liquid state itself, and it is on this phenomenon that we focus our attention in this work.
Here, we present a kinetic theory of homogeneous bubble nucleation based on the original ideas of Ruckenstein and co-workers, [19] [20] [21] [22] [23] [24] [25] [26] who proposed a useful and insightful kinetic approach to nucleation. We apply our theory to the superheated Lennard-Jones fluid. The theory has two important features. The first is the explicit calculation of the rate of escape of molecules from a potential energy well established by the interface between the emerging vapor embryo and the metastable liquid, and the second is the formulation of a population balance based on the excess number in the embryo, defined as the difference between the number of molecules in the embryo and number of molecules in a region of the same size occupied by the bulk metastable liquid. The theory predicts, as it should, that the nucleation rate increases with superheating ͑i.e., supersaturation͒ at constant temperature while the size of the critical bubble decreases. An important nontrivial trend captured by the theory is the increase of the nucleation rate with decreasing temperature at fixed degree of metastability, a result that classical theory fails to predict. In addition, the predictions of the theory adhere to the thermodynamic scaling laws originally proposed by McGraw and Laaksonen 27 for droplet nucleation, and recently extended by Shen and Debenedetti 28 for bubble formation. The format of this paper is as follows. In Sec. II, we provide a brief overview of theoretical approaches to the study of homogeneous bubble nucleation. In Sec. III, the theoretical formalism is presented. Results and discussion are presented in Sec. IV. Finally, conclusions are presented in Sec. V.
II. HOMOGENEOUS BUBBLE NUCLEATION: THEORETICAL APPROACHES
While homogeneous bubble nucleation has been recognized for over a century as the fundamental mechanism by which a superheated liquid devoid of impurities transforms into a stable vapor, 29 a rigorous theory for this phenomenon does not exist. Before presenting our approach, we review important developments in the theoretical study of bubble formation. This discussion will introduce some of the subtle and difficult questions involved.
Thermodynamically, the reversible work of forming an embryo of a new phase from within a pre-existing metastable one comprises two contributions. The first is associated with the cost of creating an interface and is therefore proportional to the surface area of the developing embryo. The second is related to the thermodynamic driving force tending to lower the overall free energy of the system by forming the stable phase, and is therefore proportional to the embryo volume. The competition between these two contributions gives rise to a critically sized embryo such that larger nuclei grow spontaneously into the stable phase while smaller embryos shrink spontaneously and disappear into the metastable surroundings. In general, the steady-state rate of nucleation J SS , that is to say the number of critical nuclei formed per unit time and volume, can be written in Arrhenius form
͑1͒
where A is a kinetic frequency factor that in general depends weakly on temperature, T is the temperature, k B is Boltzmann's constant, and W* is the nucleation free-energy barrier, or the reversible work needed to form a critical nucleus. While Eq. ͑1͒ is consistent with the activated dynamics associated with the above thermodynamic arguments, it can also be derived from a kinetically based population or mass balance describing the change in the number of embryos or clusters of a certain size with respect to time in terms of single-molecule evaporation and condensation events at the surface. Because the rates of these molecular surface processes, in particular the evaporation rate from a curved surface, are generally unknown, equilibrium arguments are usually invoked to link the unknown evaporation rate to the condensation rate, which is known from the kinetic theory of gases. The resulting expression for the rate of nucleation thus becomes a function of the equilibrium distribution of embryos in the metastable phase. The equilibrium concentration of an embryo of a given size is in turn related through statistical mechanical arguments to the Boltzmann factor of the reversible work associated with its formation. Notice that this approach transforms the kinetic description of nucleation into a thermodynamic one, where the free-energy barrier is the crucial quantity controlling the rate. The theory presented in this paper addresses this underlying problem directly, by calculating explicitly the rates of evaporation and condensation at the embryo's surface.
Most theoretical treatments of nucleation have focused on the thermodynamic calculation of the free-energy barrier height W*, an approach that is in principle justified in light of the sharp dependence of the nucleation rate on this quantity. In so-called classical nucleation theory ͑CNT͒, 1, 30, 31 which has historically provided the canonical description of nucleation phenomena, it is assumed that pre-critical and critical embryos are macroscopic and uniform objects possessing the properties of the thermodynamically stable phase. Within the classical framework, the free-energy barrier height for homogeneous bubble nucleation is given by
where PЈ is the pressure within the critical bubble, P is the pressure of the bulk liquid, and ␥ is the surface tension, which is assumed to be the same as that for a planar liquidvapor interface. The predictions of the classical theory are only qualitatively correct. Both the free-energy barrier and the size of the critical bubble are rightly predicted to diverge at phase coexistence, and to decrease as the extent of penetration into the metastable region increases. However, CNT applies macroscopic thermodynamics to microscopic objects ͑i.e., pre-critical and critical nuclei͒. Accordingly, an important deficiency of this theory is its inability to predict loss of stability, that is to say a vanishing free-energy barrier. This shortcoming is directly related to the use of macroscopic thermodynamic arguments, 1 in particular a size-independent surface tension. Yet, despite its limitations, classical nucleation theory nevertheless provides a basic reference with which to compare new theories and interpret experimental measurements.
In contrast to the classical theory's continuum viewpoint, statistical mechanical approaches address the molecular-level description of nucleation. While most such efforts have centered on droplet formation and crystallization, the theoretical difficulties encountered are quite general in nature, and they are directly related to the problem of identifying the emerging embryo at the molecular level. An underlying construct in statistical mechanical approaches to nucleation is the embryo of the incipient thermodynamically stable phase or the so-called ''physical cluster.'' [32] [33] [34] The rationale behind the concept of a physically consistent cluster is to provide a rigorous microscopic definition of an embryo of the emerging phase. This is necessary in order to enumerate those configurations that contribute to the system's partition function, and therefore its free energy, which in turn enables the calculation of the reversible work of forming a critical nucleus. To illustrate the difficulties involved, consider the simplest case of droplet formation. In this situation, the intuitive picture of an incipient liquid droplet forming within a supercooled vapor is easy to envision, but identifying or characterizing such an object given a snapshot of the metastable system is not at all straightforward. Similar difficulties exist in the study of crystallization in a supercooled liquid. In the case of crystal nucleation, such difficulties are compounded by observations from simulation 35, 36 and experiment 37, 38 which indicate that the crystal structure of the critical nucleus is not necessarily that of the bulk stable phase. For the case of bubble formation, a microscopic picture of an emerging vapor embryo, that is to say one that is able to identify unambiguously which molecules belong to the bubble and which do not, is not easy to envision. Such a picture must reconcile the fact that a bubble is composed mostly of empty space, yet it also contains mass. The corresponding difficulty in assigning molecules to a bubble renders the microscopic study of bubble nucleation particularly challenging.
Nevertheless, because a bubble is composed largely of empty space, especially at sufficiently low temperatures, a significant contribution to the energetics of forming a critical bubble is associated with the work of forming a cavity. While cavity formation in stable liquids has been addressed in the context of solvation and protein folding, [39] [40] [41] [42] [43] comparatively less attention has been paid to it in the context of bubble nucleation in metastable liquids. 6, 8 Recently, Punnathanam and Corti 44 have demonstrated by computer simulation that cavities exceeding a critical size are able to destabilize the Lennard-Jones liquid under tension, causing it to undergo a macroscopic liquid-to-vapor phase transition. However, a vapor bubble is not composed entirely of empty space; it contains a small number of molecules that cannot simply be ignored. For example, in bulk liquid helium, it has been observed experimentally that bubbles preferentially form around electrons, He atoms, or He 2 molecules. 45, 46 Thus, an open question is how the presence of particles in the cavity region influences the overall energetics of bubble formation.
Density-functional theory ͑DFT͒ approaches to homogeneous nucleation, pioneered by Oxtoby and co-workers, [47] [48] [49] [50] rely on the description of a metastable system in terms of a spatially varying density field. Provided that the system can be coarse grained, the density field corresponding to the critical nucleus is a saddle point in functional space ͑i.e., the space defined by all possible density fields͒. Most DFT studies have focused on crystallization 47, 48, 51, 52 and droplet formation; 49, 50, 53 comparatively less attention has been paid to bubble nucleation. Early DFT studies of bubble nucleation in the Lennard-Jones 50 and Yukawa 49 fluids and 3 He ͑Ref. 54͒ by Oxtoby and co-workers were the first to identify nonclassical nucleation effects, in particular the fact that the density at the center of the critical bubble at conditions sufficiently far removed from coexistence differs appreciably from that of the stable vapor. Recent DFT work 28 has shown that in liquids under high tension the density at the center of the critical bubble can be at least an order of magnitude greater than that of the stable vapor. It has also been shown that the DFT-predicted free-energy barrier height agrees well with classical theory in the vicinity of phase coexistence, but, improving over the classical picture, it in fact vanishes at the thermodynamic liquid spinodal.
Computer simulation has proven valuable in investigating the microscopic processes that trigger the nucleation of crystals, droplets, and bubbles. Direct simulation methods [55] [56] [57] [58] [59] [60] [61] [62] [63] consist of preparing a metastable system and simply evolving it in time until nucleation occurs. While this approach in principle provides dynamical information regarding the nucleation process, it is computationally inefficient because most of the time is spent simply waiting for nucleation to take place. Alternatively, biased sampling methods, namely umbrella sampling, 64 -68 first introduced in a nucleation context by Frenkel and co-workers to study crystallization in the supercooled Lennard-Jones liquid, [69] [70] [71] force the metastable system to traverse the free-energy barrier reversibly along a reaction coordinate by means of a biasing potential. Such an approach relies on the choice of an appropriate order parameter. Early applications of umbrella sampling to study homogeneous bubble nucleation used global order parameters to estimate the height of the free energy barrier. 72, 73 Using bulk density as the order parameter, 72 it was shown that the calculated free-energy barrier agreed well with classical theory for relatively small degrees of superheating and, in fact, vanished at the liquid spinodal. Assuming that a bubble was composed solely of empty space, the critical bubble was identified as a web-like, system-spanning cavity whose spatial extent decreased with increasing temperature. Although a global order parameter makes no assumptions about the shape or number of critical nuclei formed in the system, it is of course more desirable to use a local order parameter for such calculations because this provides an unambiguous description of the energetics of forming a single critical bubble. Unfortunately, a microscopic definition capable of identifying localized low-density regions within a metastable liquid remains lacking.
The so-called nucleation theorem, originally derived by Oxtoby and Kashchiev 74 using general thermodynamic arguments, and recently proved on a microscopic basis by Bowles et al., 75, 76 is a general result relating the supersaturation dependence of the free-energy barrier to the size of the critical nucleus. This provides an accurate means of determining the number of molecules in the critical nucleus from measured nucleation rates, assuming an Arrhenius-type expression for the nucleation rate to calculate the barrier height. Using the nucleation theorem, McGraw and Laaksonnen 27 derived general thermodynamic scaling laws for droplet nucleation relating how the free-energy barrier and size of the critical nucleus should scale with supersaturation. Subsequently, Talanquer 77 evaluated the constants in the above scaling relations by exploiting the fact that the free-energy barrier vanishes at the spinodal. The scaling relationships were verified against DFT predictions and limited experimental data for droplet formation. 27, 77 Recently, we extended these relations to bubble formation and verified them numerically using DFT calculations for homogeneous bubble nucleation in the stretched Lennard-Jones liquid. 28 The value of scaling relationships lies in their ability to validate theories of nucleation and correlate experimental data, as we demonstrate in Sec. IV.
While the energetics of bubble formation represents an important aspect of nucleation in superheated liquids, it is important to emphasize that nucleation is an inherently kinetic phenomenon. Attempts to address the problem of homogeneous nucleation kinetically are relatively recent. [78] [79] [80] Noteworthy among these approaches is the work of Ruckenstein and co-workers. [19] [20] [21] [22] [23] [24] [25] [26] The key insight provided by this important body of work is to formulate the calculation of escape rates in terms of a potential well in the immediate vicinity of the interface separating the emerging embryo from its metastable surroundings. The mean passage time of molecules across this potential barrier is directly related to the surface evaporation rate, and the steady-state nucleation rate can be determined from a population balance using the calculated rates of accretion and depletion. Early applications of this kinetic approach addressed homogeneous droplet formation 21, 22, 24 and crystallization 19, 20, 26 in the van der Waals fluid. Subsequent extension to crystallization in colloidal systems 81 reproduced experimentally observed nucleation rate behavior, in particular a rate maximum as a function of density or volume fraction. The kinetic theory presented in this paper is based on the approach introduced by Ruckenstein and co-workers 19, 20, 26 and is discussed in detail in the following section.
III. THEORETICAL FRAMEWORK
In this section, the theoretical framework of the kinetic theory for homogeneous bubble nucleation is presented. The general outline of this section is as follows. First, the population balance for homogeneous bubble nucleation is reformulated and used to derive an expression for the steady-state nucleation rate. This initial step clearly demonstrates the inherent kinetic nature of nucleation phenomena, in particular the need for knowledge of the surface condensation and evaporation rates. Second, we show that there exists a potential field established by the liquid-vapor interface separating the emerging vapor bubble from the metastable surroundings. The key feature of this field is a potential energy minimum in the immediate vicinity of the interface, and it is precisely this energy minimum that is exploited to calculate the surface evaporation rate. In addition, it will be shown that the dependence of the depth of this minimum on embryo size plays a key role in the physics of embryo growth and collapse. Last, we derive the expressions needed for computing the escape rate from this potential energy well by posing the calculation in terms of a barrier-escape problem.
A. Steady-state nucleation rate
The key quantity of interest in nucleation theory is the steady-state nucleation rate J SS , that is to say the rate of formation of critical nuclei per unit volume. In this subsection, we derive an expression for the bubble nucleation rate using a population balance. It is useful first to write the population balance for droplet formation, a phenomenon for which a clear physical picture is more easily invoked. A liquid-like embryo can be described in terms of the number of molecules it contains, j. The population balance for droplet nucleation reads
where f j (t) is the concentration of embryos containing j molecules at time t, ␣ j is the evaporation rate of molecules from the surface of an embryo of size j, and ␤ j is the condensation rate of molecules onto the surface of an embryo of size j. The ␣ and ␤ quantities have units of reciprocal time, and already include the appropriate multiplicative factor proportional to the cluster's surface area. While the population balance is performed most naturally using the number of molecules j in an embryo as the relevant variable, it is instructive ͑and important for what follows͒ to use the excess number instead. The excess number in an embryo, ⌬n, is defined as the difference between the number of molecules actually in the embryo and the number of molecules present in the embryo region if it were occupied by the uniform metastable medium. The use of this variable is suggested by the nucleation theorem. 74 In its most general form, this rigorous thermodynamic result naturally relates the partial derivative of the free-energy barrier with respect to chemical potential ͑supersaturation͒ to the excess number in the critical nucleus. Note that in the case of droplet nucleation, and for the usual situation in which the density of the supercooled vapor is much less than that of the emerging droplet, the number of molecules in the embryo and the excess number are virtually identical. However, for the case of bubble nucleation, the two quantities differ greatly in magnitude, and in fact have different signs. In the present theory for homogeneous bubble nucleation, we derive the steady-state nucleation rate based on a population balance using the excess number ⌬n as the appropriate descriptor of the emerging vapor bubble. In other words, we identify a bubble by the difference between the actual number of molecules that constitute it and the number of molecules that would occupy the same region of space at a density equal to that of the bulk metastable liquid. For convenience, we let i denote Ϫ⌬n so as to work with positive quantities. Because vapor bubbles grow by surface evaporation and decay by surface condensation, 1 the bubble population balance differs from that for droplet nucleation and is given by the following expression:
where f i (t) denotes the concentration of i-embryos at time t in the metastable liquid, ␣ i is the evaporation of rate from the surface of an i embryo, and ␤ i is the corresponding condensation rate. The flux J i (t) is defined to be the rate per unit volume at which (iϪ1)-embryos become i-embryos
At this point, it is convenient to invoke an equilibrium distribution of embryos f i eq . Contrary to what is done in classical nucleation theory, however, the equilibrium distribution is not invoked as a means for calculating the unknown quantity ␣ i from the known quantity ␤ i . Instead, the equilibrium embryo distribution enters the theory only as a physically consistent boundary condition for the calculation of the nucleation rate. An equilibrium distribution of embryos f i eq must satisfy the condition J i (t)ϭ0 for all i and t. It therefore follows that
For notational convenience, let F i (t) be the ratio of the actual to equilibrium concentration of i-embryos
Note that i is a discrete variable. For mathematical purposes, it is convenient to consider the continuum limit. There are various ways to convert the discrete population balance equation into a continuous one. 23, 82 Here, we follow the approach of Frenkel 83 and Zeldovich. 31 Substituting Eqs. ͑6͒ and ͑7͒ into Eq. ͑4͒, the population balance becomes
where g is the continuous analog of the discrete variable i. Expanding the terms F(gϪ1,t), ␤(gϩ1), f eq (gϩ1), and F(gϩ1,t) about g and retaining terms only up to second order, Eq. ͑8͒ can be converted into a partial differential equation
͑9͒
Note that this resembles a diffusion equation for which the flux J(g,t) is
At steady state, the distribution of embryo sizes is time invariant, as is the nucleation rate. As a result, the steadystate nucleation rate is also necessarily independent of g and therefore becomes
It is reasonable to expect that the concentration of embryos beyond some sufficiently large size, denoted by G, be vanishingly small. Otherwise, a significant portion of the vapor phase will have already formed. Thus, one can write, for sufficiently large G F͑G ͒ϭ0. ͑12͒
Furthermore, at the other extreme, an embryo of excess size gϭ0 is indistinguishable from a liquid monomer and therefore the concentration of these particular embryos is the same as the concentration of liquid monomers. Thus, for g ϭ0
Using Eq. ͑12͒ as a boundary condition, Eq. ͑11͒ can be solved for F(g), to yield
͑14͒
Finally, using Eq. ͑13͒, an expression for the steady-state nucleation rate can be derived
The equilibrium distribution of embryos f eq (x) can be determined from Eq. ͑6͒
Inserting this into Eq. ͑15͒ and letting G→ϱ, J SS reduces to
where f (0) is just the number density of the bulk metastable liquid since an embryo whose number excess is zero is simply a liquid monomer. It follows that ␤͑0͒ is the average collision rate of single molecule in the liquid medium. Notice that the steady-state nucleation rate depends explicitly on the surface evaporation and condensation rates as a function of embryo size, which are purely kinetic quantities. The equilibrium embryo distribution enters the theory exclusively through the boundary conditions, Eqs. ͑12͒ and ͑13͒. While the condensation or arrival rate can be reasonably estimated using the kinetic theory of gases, the main difficulty lies in how to determine the evaporation or escape rate. We address this problem below.
B. Potential energy field
The evaporation of molecules from a surface can be viewed as an escape from a potential energy well. Within the context of bubble formation, the conceptual situation of interest consists of a spherical vapor embryo of radius R and uniform density V situated in a metastable liquid of density L . Molecules are assumed to interact via a spherically symmetric, pairwise additive potential u(d) where d denotes the distance between pairs of molecules. In this work, we use the Lennard-Jones potential, which provides a realistic description of interactions in monatomic liquids. It is given by
where is the well depth, and is the interatomic distance at which the potential energy is zero. Consider a molecule in the vapor embryo located a distance q from the interface. In order to calculate the potential energy felt by this molecule, consider a plane defined by a great circle that contains the centers of the molecule and the vapor bubble as shown in Fig. 1 . Any great circle whose diameter is the line joining the molecule of interest and the bubble's center can be used for this calculation. An infinite number of such circles exist, and it is not necessary to specify any one in particular. Using a Cartesian coordinate system, let the origin coincide with the center of the molecule of interest, where the y axis is defined by the unit vector pointing from the molecule to the center of the bubble and the x axis is the unit vector perpendicular to the y axis lying on the above-defined plane. In this coordinate system, it naturally follows that the equation of the great circle is x 2 ϩ͓ yϪ(RϪq)͔ 2 ϭR 2 . Note that this twodimensional picture is based on the existence of cylindrical symmetry about the y axis, which allows us to perform the full three-dimensional calculation straightforwardly. Assuming that L ӷ V , the potential energy (q;R) felt by this molecule for an arbitrary spherically symmetric potential u(d) is given by
͑19͒
where dϭͱx 2 ϩy 2 and the factor 2 arises from exploiting cylindrical symmetry about the y axis. In Fig. 2 , this potential energy field is plotted as a function of q for several values of R using the Lennard-Jones interaction potential. In all cases, there exists a minimum in potential energy at a distance q min Ͻ from the interface for all embryo sizes. That q min Ͻ is attributed to the fact that a molecule inside the bubble near the interfacial region feels only an attractive force acting on it from one side. This minimum can be thought to give rise to a thin shell of molecules, the escape from which determines the surface evaporation rate. Note that the well depth decreases with increasing embryo size, which has an important physical consequence. The inverse relationship between the well depth and embryo size indicates that the surface evaporation increases with embryo size. As will be shown, this effect plays a key role in determining the size of the critical bubble. As R→ϱ, the potential field reduces to that of an infinite, planar liquid-vapor interface. For the Lennard-Jones fluid, we have verified analytically that Eq. ͑19͒ reduces to the familiar inverse 9-3 power potential 84 in the limit as R→ϱ. While the evaporation rate calculation is posed in terms of a barrier-crossing problem, the potential calculated through Eq. ͑19͒ and plotted in Fig. 2 does not exhibit a maximum as a function of q, but instead increases monotonically toward the center of the bubble. While there exists a relative maximum at the center of the embryo, qϭR, it is unreasonable to require a molecule to reach the center of the embryo for it to be considered ''dissociated'' because extension of this explicit barrier-crossing requirement to the planar liquid-vapor interface where R→ϱ leads to the unphysical conclusion that only molecules infinitely far away from the interface on the low-density side can be considered dissociated, or belonging to the vapor phase. Although the lack of an explicit potential energy barrier renders the definition of a dissociated molecule somewhat arbitrary, we can construct such a definition rationally based on the following observations of the potential field ͑Fig. 2͒. It can be seen that most of the steep energy change occurs in the immediate vicinity of the potential energy minimum, and it is in this region where the molecule must do most of the work to escape the influence of the field. Beyond some distance from the interface, q dis , the potential field is relatively flat and therefore the force on the molecule is correspondingly small. Under these conditions, a molecule can be considered dissociated or having escaped from the well for all practical purposes. In more precise terms, we define q dis as the distance at which a molecule has climbed some sufficiently large fraction of the potential energy difference between that at the center of the embryo (qϭR) and the minimum (qϭq min ). Mathematically, q dis is defined as satisfying the following condition:
In what follows, it is more convenient to express the potential field as a function of radial distance from the center of the vapor embryo, r, rather than the distance from the interface, q. Using the fact that qϭRϪr, we make the following transformation:
͑q;R͒→͑r;R͒. r dis ϭRϪq dis .
͑23͒
Finally, we denote by r b the radial position at which the potential field is zero. Because of the steep repulsive force at this position, r b corresponds physically to the closest approach to the bulk liquid for a molecule in the embryo's interior. Thus, the domain of the potential energy field of interest extends from r dis to r b , where r dis Ͻr min Ͻr b .
C. Escape and arrival rates
In this subsection, we derive an expression for the mean passage time of molecules across the potential well, which is inversely related to the surface evaporation rate ␣, and governs the growth of vapor embryos. In addition, the standard kinetic theory 85 expression for the condensation rate ␤ will be presented here for completeness. The molecules of interest are those that comprise the thin shell of thickness and density shell that tends to form in the vicinity of the potential energy minimum. Consider now the motion of an individual molecule within the potential well region. It undergoes Brownian motion due to collisions with other molecules. The random nature of such motion is described by the wellknown Fokker-Planck equation. 86 The Fokker-Planck description is simplified significantly under conditions where the velocity distribution is equilibrated ͑i.e., it becomes Maxwellian͒ on a time scale much shorter than that needed for positional equilibration. This is precisely the case when a molecule is situated in a liquid-like environment or when there is strong coupling between it and the surrounding medium. Exploiting this separation of time scales, the positional evolution of the molecule can be described by the forward Smoluchowski equation, 86 which takes the following form in a system possessing spherical symmetry:
where p(r,t͉r 0 ) is the probability of observing the molecule at a radial position between r and rϩdr at time t given that it was located at r 0 initially, (r;R) is the potential energy field derived in the previous section, and D is the diffusion coefficient. It is worth pointing out that we have taken the origin of the system to coincide with the center of the embryo. We are ultimately interested in the probability that a molecule located initially in the region (r dis Ͻr 0 Ͻr b ) is located outside of it (rϽr dis ) at time t. Formally, this corresponds to knowing how the probability changes with the molecule's initial position. It is therefore more convenient to deal with the adjoint or backward Smoluchowski equation 87, 88 which describes changes in p(r,t͉r 0 ) with respect to the initial position, r 0 . In a system possessing spherical symmetry, the backward Smoluchowski equation reads
͑25͒
As shown in Appendix A, the dissociation or escape time is given as a function of initial position (r 0 ;R) by the expression
͑26͒
The average dissociation time, or the mean passage time, (R), is simply an average over all possible initial positions weighted by their Boltzmann factors
where Z is the partition coefficient for a molecule in a potential energy field and is given by
ͬ .
͑28͒
Note that the mean passage time is a function of embryo size. The surface evaporation rate ␣(R) is defined as the total number of molecules N shell in the spherical shell divided by the mean passage time (R)
The number of molecules in the shell, N shell , is
where is the thickness of the shell, and shell is its number density. Thus, the surface evaporation rate is
Competing against the escape of molecules from the surface is the arrival of molecules from the interior of the vapor bubble to its surface. Note that in the case of bubble formation, vapor bubbles shrink by condensation. For simplicity, we assume that the vapor contained in the bubble behaves ideally. From the kinetic theory of gases, 85 the arrival or condensation rate of molecules, ␤, is simply
͑32͒
where R is the radius of the vapor bubble, ͗͘ is the mean velocity which is only a function of temperature, and V is the density of the vapor bubble. Note that we have implicitly assumed a sticking coefficient of unity. As in classical theory, it is assumed that the density of the vapor bubble is the same as that of the stable vapor at the given temperature.
While the region of interest of the potential field extends from r dis to r b , it is not at all obvious what is the thickness, , or density, shell , of the shell formed by the molecules that aggregate in the vicinity of the potential well. In this work, we have assumed that these values are identical to those at saturation at the given temperature. Therefore, we take advantage of the fact that the critical bubble in the saturated liquid is infinitely large, and thus the product shell can be determined from the corresponding condition of equality between condensation and evaporation rates to yield shell ϭ ͗͘ V sat 4 
͑R→ϱ͒, ͑33͒
where V sat is the density of the saturated vapor. We assume that the diffusion coefficient D in the liquid does not change appreciably from its value at saturation at the same temperature. Therefore, insertion of Eq. ͑33͒ into Eq. ͑31͒ to determine the evaporation rate ␣(R) results in an expression that is independent of D.
The relative rates of evaporation ␣(R) and condensation ␤(R) dictate whether the vapor embryo grows or shrinks. In Fig. 3 , the escape and arrival rates are plotted as a function of embryo size for a vapor bubble in the metastable liquid. Note that both ␣ and ␤ increase with bubble size, but they do so at different rates. Small vapor bubbles tend to shrink and disappear into the surrounding medium because the surface evaporation rate is less than the condensation rate. Conversely, large bubbles tend to grow because the evaporation rate is larger than the condensation rate. Consequently, at some critical embryo size R*, the evaporation and condensation rates are equal. Given the expressions for the evaporation and condensation rates as a function of size, they can be inserted into Eq. ͑17͒ to calculate the steady-state nucleation rate J SS . Notice that while the liquid-vapor interface plays a crucial role in the physics, there is no explicit mention of surface tension anywhere in the kinetic theory.
IV. RESULTS AND DISCUSSION
We have applied the current kinetic theory for homogeneous bubble nucleation to the Lennard-Jones liquid under isotropic tension, as well as to higher-temperature states where superheating is caused thermally rather than mechanically. In our calculations, we use the relatively simple analytical equation of state for the Lennard-Jones fluid derived from Weeks-Chandler-Andersen perturbation theory 89 which has been used primarily in DFT approaches to homogeneous nucleation in the Lennard-Jones fluid. 28, 50 Our main focus will be on the Lennard-Jones liquid at sufficiently subcritical temperatures where this equation of state is quite accurate. The liquid state points investigated in this work are shown in Fig. 4 .
Because nucleation is an activated process, the steadystate rate of nucleation is usually expressed in Arrhenius form as in Eq. ͑1͒, where the main quantity governing the dynamics is the free-energy barrier height or the reversible work of forming a critically sized nucleus, W*. As noted in Sec. II, most theoretical approaches to nucleation focus on calculating this quantity. From a thermodynamic perspective, the work of forming a critical nucleus should decrease with increasing penetration into the metastable region and vanish at some point, reflecting a crossover from activated to spontaneous phase transition dynamics. However, the nucleation rate in the current theory does not a priori assume an Arrhenius form. While the kinetic theory does not provide an explicit expression for the free-energy barrier, in the comparisons with the classical predictions that follow, we estimate an effective barrier height by fitting the predicted nucleation rate to an Arrhenius rate expression.
Recent DFT work on homogeneous bubble nucleation introduced the quantity ⌬/⌬ spin , called the degree of metastability, as a natural scaling parameter that quantifies the thermodynamic driving force. 28 The fundamental nature of this quantity was suggested by the observation that vari- ous properties of the DFT-predicted critical bubble, such as its work of formation, size, and interfacial thickness, scaled with the degree of metastability in temperature-independent fashion. Physically, this parameter is a natural measure of the extent of penetration into the metastable region of the liquid, and is defined as
where liq ( P,T) is the chemical potential of the bulk metastable liquid at the given pressure P and temperature T, sat (T) is the coexistence chemical potential at the same T, and spin (T) is the chemical potential of the liquid at the spinodal, also at the same temperature. An equivalent interpretation of ⌬/⌬ spin is that it is simply the normalized thermodynamic driving force for nucleation. Notice that this parameter conveniently varies between zero at saturation and unity at the liquid spinodal.
The only adjustable parameter in the theory is , the fraction of the energy difference between the potential well and the effective potential at the center of the embryo that a molecule must surmount before it is considered ''dissociated.'' It therefore follows that high values of tend to depress the surface evaporation rate. Consequently, the predicted size of the critical nucleus increases with while the nucleation rate decreases. Although the value of influences the quantitative predictions of theory, it does not affect the qualitative trends. In the results that follow, we have taken ϭ0.90 unless noted otherwise, as this was found to yield critical bubble sizes that agreed well with classical theory predictions ͑within Ϯ10%͒ at the lowest temperature and highest degree of metastability investigated. This provides a convenient baseline for comparing the predictions of the classical and kinetic nucleation theories. For reference, at k B T/ϭ0.70, the predicted nucleation rate at ⌬/⌬ spin ϭ0.390 using a value ϭ0.90 is equal to that at ⌬/⌬ spin ϭ0.402 using ϭ0.91. This represents a modest shift in the degree of metastability.
In the current kinetic nucleation theory ͑KNT͒, the critical bubble corresponds to the condition of equality between the surface condensation and evaporation rates, ␣(R*) ϭ␤(R*). In Fig. 5 , the radius of the critical bubble R* is plotted as a function of the degree of metastability at three reduced temperatures (k B T/ϭ0.70, 0.75, and 0.80͒ for the Lennard-Jones liquid under isotropic tension. In all cases, the size of the critical bubble diverges at saturation and decreases with increasing metastability, which is consistent with intuitive expectation. In our previous work on bubble nucleation we found that the size of the DFT-predicted critical bubble scales independently of temperature with the degree of metastability. 28 The current theory instead predicts a small but non-negligible temperature dependence as can be seen from the distinct isotherms in Fig. 5 . Notice that at fixed value of metastability the radius of the critical bubble increases with temperature, a trend also predicted by classical theory. A direct comparison between the current kinetic and classical nucleation ͑CNT͒ theories is made in Fig. 6 , where the ratio of the KNT to CNT critical bubble radius is plotted as a function of metastability. Notice that the two theories predict similar values for the radius of the critical bubble ͑i.e., the ratio R KNT * /R CNT * is not very different from unity͒. The observation that the ratio R KNT * /R CNT * deviates from unity is actually consistent with the suggestion that the kinetically defined critical nucleus, KNT, should differ in size from the thermodynamically defined one, CNT. 90 Furthermore, notice that the discrepancy between the two predictions increases with temperature. We attribute this to the fact that at elevated temperatures, the assumption that V Ӷ L in the kinetic theory becomes invalid. This should be anticipated because the distinction between liquid and vapor phases vanishes as the critical temperature is approached giving rise to a broad, instead of sharp, interfacial region. Therefore, the density of the embryo is no longer negligible, and the theory should not be expected to work well under these conditions.
In Fig. 7 , the KNT-predicted steady-state nucleation rate J SS /␤(0) f (0) is plotted against the degree of metastability for the same three temperatures in Figs. 5 and 6. Again, the state points along each isotherm correspond to a liquid under isotropic tension ͑see Fig. 4͒ . Note that the scale of the y axis spans 50 orders of magnitude. There are several important trends to notice in Fig. 7 . First, at fixed temperature, the nucleation rate increases with metastability, that is to say with the extent of penetration into the metastable region. Second, the reduced nucleation rates reach a value of unity, indicating that an associated effective free-energy barrier vanishes. Another remarkable feature is the fact that the nucleation rate changes by many orders of magnitude over a relatively small metastability range, which is consistent with empirical observations that superheated liquids tend to undergo a sudden change from apparent stability to catastrophic boiling. 1, 3, 16 Finally, notice that at fixed value of metastability the nucleation rate increases with decreasing temperature. In the pressure-temperature plane ͑Fig. 4͒, lines of constant liquid metastability lie between the binodal (⌬/⌬ spin ϭ0) and spinodal (⌬/⌬ spin ϭ1) curves. Movement along a line of constant value of metastability in the direction of decreasing temperature corresponds to decreasing pressure, or increasing tension ͑see, e.g., the liquid spinodal in Fig. 4͒ . One therefore expects the nucleation rate to increase with decreasing temperature at a fixed value of metastability. This is a nontrivial result in light of the fact that classical theory predicts the opposite trend, namely that the nucleation rate should decrease with decreasing temperature, due primarily to the inverse temperature dependence of the surface tension for the planar liquid-vapor interface.
A direct comparison between the nucleation rates predicted by KNT and CNT is made in Fig. 8 as a function of metastability at two reduced temperatures (k B T/ϭ0.75 and 0.80͒ using a value of ϭ0.97. First, notice that the kinetic theory predicts a more explosive transition from apparent metastability to catastrophic boiling than does classical theory. Second, it is interesting to note that while KNT and CNT agree relatively well in predicting the size of the critical bubble, the predicted nucleation rates are dramatically different. In particular, while one expects better agreement between the two theories near coexistence, the metastability values corresponding to agreement between KNT and CNT are actually quite appreciable (⌬/⌬ spin Ͼ0.5) and increase with temperature. However, the rate corresponding to the point at which the two theoretical curves intersect, while finite, is zero for practical purposes. Comparison of these extremely small numbers is not particularly useful. On the other hand, the discrepancy between the two theoretical rates at even higher values of metastability is substantial and is due to the fact that CNT employs a planar interfacial tension which is a gross overestimate of the true surface tension for a microscopic embryo. Consequently, classical theory always underpredicts the nucleation rate for high values of metastability ͓see Eqs. ͑1͒ and ͑2͔͒. We also note that the severalorders-of-magnitude difference between the rates predicted by KNT and CNT is consistent with similar kinetics-based theories of nucleation for crystals and droplets. [19] [20] [21] [22] [23] [24] 26 While it is desirable to discern which theory, KNT or CNT, provides a more accurate description of the actual phenomenon of homogeneous bubble nucleation, reliable experimental rate data in simple monatomic fluids, the vast majority of which is only relevant to liquids heated above their boiling points, are limited. 1, 15, 91, 92 Furthermore, measurements in stretched liquids have been restricted to conditions corresponding to a very small degree of metastability (⌬/⌬ spin ϭ0.02) where both theories predict vanishing rates of bubble nucleation. 15 An important test of the current kinetic theory is whether or not it follows the general scaling laws based on the nucleation theorem. While the McGraw-Laaksonen 27 scaling relations were originally developed specifically for droplet nucleation, recent work 28 has extended them to homogeneous bubble nucleation. In its most general form, 74 the nucleation theorem is given by ‫ץ‬W* ‫⌬ץ‬ ϭϪ⌬n*, ͑35͒
where W* is the free-energy barrier height, ⌬ is the chemical potential difference between the metastable and saturated liquid, and ⌬n* is the excess number in the critical bubble. It should be pointed that the differentiation in Eq. ͑35͒ is performed at constant temperature. Using this thermodynamic result, one can derive the following scaling relations ͑see Appendix B͒:
where C(T) and B(T) are positive temperature-dependent constants. As shown in Appendix B, a key step in arriving at Eqs. ͑36͒ and ͑37͒ involves invoking a mathematical homogeneity condition. 27, 28 The excess number in the critical bubble can be determined by two independent methods which can serve as verification of self-consistency. The first involves the use of the nucleation theorem, Eq. ͑35͒. While the current kinetic theory does not calculate an explicit freeenergy barrier, an effective free-energy barrier height can be determined by fitting the kinetic nucleation rate to the classical form as in Eq. ͑1͒. In this case, the derivative of the effective free-energy barrier with respect to the nominal thermodynamic driving force should yield the excess number in the critical bubble. In the second method, the excess number is calculated directly from the critical nucleus condition ͑i.e., the equality between evaporation and condensation rates͒. In this case, the excess number is simply the product of the volume of the bubble and the difference between the stable vapor and metastable liquid densities. In Fig. 9 , the negative of the excess number, Ϫ⌬n*, determined by the two methods is plotted as a function of Ϫ(⌬) Ϫ3 . Notice that the indirect and direct methods agree reasonably well. If the steady-state nucleation rate is instead determined using a population balance based on the actual as opposed to the excess number of molecules in the vapor embryo, this condition of self-consistency is violated. Note also that the value of Ϫ⌬n* predicted by the indirect method is always larger than the direct one. However, the discrepancy between the two, which is attributed to the imposition of a functional form to extract the effective free-energy barrier, decreases with increasing degree of metastability. We should remark again that it has been suggested that the thermodynamically predicted number excess in the critical nucleus does not necessarily have to agree with that predicted by a kinetics-based theory. 90 Nevertheless, it is quite clear that the scaling relation in Eq. ͑36͒ holds well.
In Fig. 10 , we plot the quantity W*/(⌬⌬n*) versus (⌬) 2 at three temperatures to test the scaling relation in Eq. ͑37͒, where the number excess has been calculated directly from the critical nucleus condition and the free-energy barrier has been determined indirectly from a classical fit. The isotherms are linear to a very good approximation, indicating that the scaling relation in Eq. ͑37͒ is reproduced quite well by the kinetic theory. In addition, notice that the slope of each line becomes steeper with increasing temperature, which is also consistent with the droplet nucleation results of McGraw and Laaksonen. 27 In recent work on homogeneous bubble nucleation using density-functional theory, 28 we have shown that the quantity on the left-hand side of Eq. ͑37͒ scales with the degree of metastability independently of temperature. It was also suggested, using the nucleation theorem and the homogeneity condition arguments as detailed in Appendix B, that W*/(⌬⌬n*) should be a quadratic function of the degree of metastability. While a quadratic functional form captured the DFT-predicted behavior reasonably well, it was evident that a higher-order functional form was required to quantitatively fit the DFT results. In Fig. 11 , we plot W*/(⌬⌬n*) versus (⌬/⌬ spin ) 2 at the same three temperatures as before. Although it is obvious that there is no temperature-independent scaling behavior with respect to ⌬/⌬ spin , the quantity W*/(⌬⌬n*) is described remarkably well by a quadratic function of the degree of metastability.
Up to this point, we have only presented nucleation rate calculations for the Lennard-Jones liquid under isotropic ten- sion where the driving force for nucleation is of a mechanical origin. In many practical settings, bubble nucleation occurs in liquids that have been heated above their boiling point where the driving force is of a thermal nature and effects such as a pronounced temperature-dependent surface tension become important. 1 Recall that one of the assumptions in the kinetic theory is that the density of the stable vapor is much less than that of the metastable liquid. This assumption becomes increasingly invalid at elevated temperatures, particularly close to the critical point. Furthermore, the WCA equation of state for the Lennard-Jones liquid 89 is not very accurate at elevated temperatures, although it is particularly well-suited in describing the properties of the liquid at sufficiently subcritical temperatures. Although the use of a more sophisticated equation of state will not influence the qualitative trends that we wish to present here, some caution must be exercised in using the theory in its present form at these conditions. In Fig. 12 , the steady-state nucleation rate is plotted as a function of temperature at two different pressures ( P 3 /ϭ0.002 93 and 0.004 82͒. The state points for these calculations are given in the inset of Fig. 4 . The nucleation rate increases with temperature along each isobar in accord with intuitive expectation. Again, notice that the rate increases dramatically over a relatively narrow temperature range. More importantly, at fixed temperature the theory predicts that the nucleation rate should increase with decreasing external pressure. This latter trend is remarkable in that the theory is able to capture the correct qualitative behavior at these elevated temperatures without explicitly employing surface tension.
At the thermodynamic spinodal, the free-energy barrier to nucleation must by definition vanish. This indicates that the phase transition mechanism changes from nucleation, an activated process, to spinodal decomposition, a spontaneous one. It is interesting to examine the current kinetic theory is this regard, in particular the connection between the theory and phase stability limits. It should be noted that in reality the transition from metastability to instability occurs smoothly over a region of the metastable portion of the phase diagram, [93] [94] [95] the spinodal line being a useful idealization for systems with infinitely long-ranged interactions. By proposing a Ginzburg criterion for nucleation which quantifies the importance of density fluctuations, Binder 94, 95 has shown that the width of the transition region from nucleation to spinodal decomposition decreases as the distance to the critical point (T c ϪT) increases. The Ginzburg criterion for nucleation states that fluctuations are not important ͑mean-field theory is accurate͒ when the mean-squared density fluctuation in the inhomogeneous region separating the nucleus from the bulk fluid is much smaller than the square of the density difference between the liquid and vapor densities. The quantity that measures the relative importance of fluctuations is 3 
, where is the range of intermolecular interactions in units of the characteristic molecular size. At sufficiently subcritical numbers, when this quantity, the Ginzburg number, is of order unity, the transition region between nucleation and spinodal decomposition is preceded by a ''spinodal nucleation'' region, which defines the region of the phase diagram where the phase transition mechanism is not well-described by classical theory ͑i.e., at high supersaturation͒. 93 The initial boundary of this spinodal nucleation region should in fact correspond to the condition that the effective barrier height is of the order k B T, indicating that ordinary thermal fluctuations are sufficient to trigger the phase transformation. Therefore, the set of state points that satisfies this condition constitutes a kinetically defined spinodal. In Figs. 13 and 14 , we show the calculated kinetic spinodal line in the pressure-temperature and temperaturedensity planes. Notice that at low temperatures, the kinetic spinodal corresponds to a metastability value of approximately 0.5 and therefore lies midway between the thermodynamic binodal and spinodal. At low enough temperatures, the kinetic spinodal precedes the thermodynamic spinodal, and the thermodynamic spinodal can be viewed as the ultimate limit of stability. As temperature increases, the degree of metastability along the kinetic spinodal also increases and approaches a value of unity ͑i.e., the kinetic spinodal meets the thermodynamic spinodal͒. For the current version of the kinetic nucleation theory, based on the assumption that V Ӷ L , the kinetic spinodal is predicted to intersect the thermodynamic one at a reduced temperature of k B T/ϭ1.055 (T/T c Ϸ0. 70 ). An alternative criterion for the kinetic spinodal that avoids the calculation of an effective barrier height involves instead the set of points for which J SS /␤(0) f (0) ϭ1. Note that the physical situation that corresponds to this criterion is one where the rate of the phase transformation is comparable to that of single molecule collisions or fluctuations. The kinetic spinodal defined in this way generates a line that is visually indistinguishable from the previously defined kinetic spinodal using the criterion that the barrier height is of order k B T. That the kinetic spinodal does not extend up to higher temperatures close to the critical point is ascribed to the simplifying assumption in the theory that the density of the vapor is much less than that of the liquid, which becomes invalid at elevated temperatures. In spite of this, at low temperatures, where the kinetic theory is believed to capture the relevant physics of nucleation, the trends are clear: the kinetic spinodal always precedes the thermodynamic one and approaches it with increasing temperature.
V. CONCLUSIONS
We have presented a kinetic theory for homogeneous bubble nucleation. The theory is based upon explicit calculation of surface evaporation and condensation rates. The latter is calculated from the kinetic theory of gases, while the former is calculated by exploiting the potential energy minimum in the field established by the interface separating the emerging vapor embryo from the metastable liquid. The surface evaporation rate is directly related to the rate of escape of molecules from the potential-well region. Knowledge of these rates as a function of embryo size allows them to be incorporated directly into a population balance based on the number excess in the emerging bubble. For the LennardJones liquid under isotropic tension, the kinetic theory predicts that the nucleation rate increases with degree of metastability at fixed temperature, while the size of the critical nucleus decreases. Comparison with classical theory also reveals a markedly different metastability dependence of the overall nucleation rate. An important nontrivial prediction made by this theory that classical theory fails to predict is that the nucleation rate increases with decreasing temperature at fixed degree of metastability. For the Lennard-Jones liquid heated above its boiling point, the predicted nucleation rate increases with temperature at fixed external pressure, and also increases with decreasing external pressure at fixed temperature. We have also explored the connection of KNT to phase stability by mapping out kinetically predicted spinodal curves. For the state points explored, the kinetic spinodal always precedes the thermodynamic spinodal, and approaches it with increasing temperature. Finally, an important aspect of this work concerns the observation that the predictions of the kinetic theory follow the thermodynamic scaling relations derived for bubble formation. Although we have used the scaling relations to validate the kinetic theory, the opposite could also be said, namely that the generality of the scaling relations is suggested by the fact that the predictions of an independent kinetics-based theory adhere to them. Extension of these relations to more complex systems such as mixtures can provide a powerful analysis tool, as has been recently suggested by Muller et al. 96 in their studies of bubble nucleation in binary polymer solutions.
While the kinetic theory presented in this paper represents a necessary step towards rigorous, kinetics-based treatment of bubble nucleation, there are important aspects of the theory that deserve critical evaluation. An important feature is the assumption that the density of the critical bubble is that of the stable vapor. Density-functional theory has shown that this is only a reasonable assumption up to moderate penetrations into the metastable region. Incorporation of DFTpredicted density profiles for the critical bubble into the calculation of the potential energy field deserves investigation. A crucial aspect of this theory is the consideration of evaporation and condensation events involving only single molecules. Inclusion of multiple-molecule events, while difficult, should not be disregarded. Molecular dynamics simulations of supercooled vapors have revealed that such events are not completely negligible in the case of droplet nucleation. 78 The relevance of such events to bubble nucleation remains unknown.
Hydrodynamic effects can in principle play a role in the kinetics of bubble formation. 97, 98 This is because the growth and shrinkage of embryos occurs in a liquid that possesses nonzero viscosity and is denser than the bubble. This effect, which could prove significant for large enough bubbles, has not been considered in the present theory, and should be the subject of future work.
Because h(⌬n*,⌬) is unknown, it is assumed that each side of the above equation vanishes identically, and therefore each side can be solved separately for ⌬n* and h(⌬n*,⌬), yielding ⌬n*ϭC͑T ͒•͑ ⌬ ͒ Ϫ3 , ͑B3͒
and ⌬n*•h͑⌬n*,⌬ ͒ϭD͑ T ͒•͑ ⌬ ͒ Ϫ1 , ͑B4͒
where C(T) and D(T) are temperature-dependent constants of integration. Note that Eq. ͑B3͒ is precisely the scaling relation given in Eq. ͑36͒. Substitution of Eqs. ͑B3͒ and ͑B4͒ into Eq. ͑B1͒ yields the second scaling relation given in Eq. ͑37͒.
